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SUMMARY“

The linearized theory for compressible unsteady flow is’used, as
suggested in recent contributions to the subject, to obtain the velocity
potential and the lift and moment for a thin, harmonically oscillating,
two-dimensional wing-aileron combination rowing at sonic speed. The
velocity potential is derived by considering the sonic case as the limit
of the linearized supersonic theory. From the veloci~ potential
explicit expressions for the lift and moment are developed for vertical
translation and pitching of the wing and rotation of the aileron. The
paper provides extensive tables of numerical values for the coefficients
contained in the expressions for lift and moment, for various values of
the reduced frequency k (O< k S 3.5) and aileron hinge position (from
10 to 90 ~rcent of the wing chord). The sonic results are compared and
found to be consistent with previously obtained subsopic and suyersordc
results. Several figures are presented showing the variation of lift
end moment with reduced frequency and Mach number and the influence of
Mach number on some cases of bending-torsion flutter.

INTRODUCTION

Instability investigations for high-speed aircraft often require a
knowledge of the air forces and moments that act on an oscillating wing
moving at high speed. For subsonic and supersonic speeds the main source
of theoretical information has been the solution of the’linearized dif-
ferential equation for compressible flow. For sotic or near-sonic speed,
however, the linearized theoqy has been generally assumed inapplicable,
since it does not allow for thickness effects, shocks, and strong dis-
turbances. As is well down, it predicts infinite forces on a noq-
oscillating, thin, unswept wing moving at sonic speed.
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Importart differences exist, however, between the steady and
unsteady cases. By a discussion of the order of gmgnitude of the terms
of the general nonltiear differential equation for compressible flow,
reference 1 shows that for unsteady two-dimensional flow at sonic speed
this equation is essentially linear and in LLnesr form leads to phys-
ically plausible results for the forces on a thin oscillating w@g,
provided the frequency of oscillation is sufficiently large. A similar
conclusion was reached in reference 2, where linear methods applied to
a wing in two-dtiensional nonstationary flow at sonic speed yielded
pefiurbation velocities of the same order of magnitude as those obtained
for SU3sonic or supersonic speeds. In references 3 and 4 expressions
and some numerical values are given for the lift forces and moments on
an oscillating two-dimensional wing moving at sonic speed. Because of
the importance of the sonic problem in preseti-day flight conEiderations
and because of the insight into the three-dimensional problem that the
solution for two-dimensional flow will probably afford, the purpose of
the present paper is to develop the two-dimensional case more fully.

Consideration is thus given to the case of an oscillating wing-
aileron combination in two-dtiensional flow at sonic speed. The velocity
potetiial for this case is obtained, and from the velocity potential
expressions for the air forces and moments on the wing-aileron combina-
tion are developed h terms of the frequency of oscillation. Numerical
tables of the coefficients contained in the expressions for lift and
moment are supplied which may be used for the theoretical calculations
involved in wing flutter and other”instabilityproblems for sonic speed.
The ta%les provide a means for obtaining continuity of calculation
between high-~bsonic and low-supersonic results for the oscillating
wing-aileron combination in two-tiensioti flow.~

Because of the small-disturbanceassumption, the theory and sub-
sequent results are subject to the .wamerestrictions imposed on all
smal.1-perturbation theory, SU3sonic and supersonic. In addition, as the
frequency approaches zero, the clifficulties of the steady linearized
problem are encountered; therefore the validity of the subsequent results
is suhject to question for the range of low frequencies. Moreover,
uncertainty exists because the linear unsteady results are considered to
represent disturbances from an equilibrium position that is governed by
nonlinear relations, and a great amount of e~ertmentat ion may be neces-
sary to determine the region of validity for the calculations. Neverthe-
less, the results serve as a bridge between s@sonic and supersonic
theory and may be applicable for a range of high frequencies.
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SYMBOLS

.

a

b

cm

()
fr

3

h

JO(X)

k

LiJMi)Ni

Li’,~’, Ni’

.

m.

M

%

‘P
.

Ap

P

t

v

w(2bx,t)

— .- --- .

velocity of sound in undisturbed medium

wing semichord

section lift coefficient

section moment coefficient abouk lea- edge

Fresnel integral defkd in equation (23)’

vertical displacement of axis of rotation

Bessel function of zero order (first kind)

reduced fieqmncy (&b/V)

~f&.- def *d W ewtion (22); i = 1, 2, 3, 4, 5,

qu=tities defined by equation (23); independent of wing-
axis-of-rotation position

mass of wing per unit span

Mach number (V/a)

aerodynamic section moment on wing about axis of
rotation, POsitIve leading edge up

f
aerodynamic section moment on aileron about its hinge,
positive leading edge up

.
pres~,. difference

aerodynamic section normal force, positive downward

time’ ‘

flight spsed

normal velocity at x, at time t
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x,z

x’ = 2bx

Y’ = 2by

z‘=az

‘o

%

‘a

a

ah

P

‘h

ea

eti

e&

K

t

E’ = 2bg

P

T

Tl> ‘T2

@

u)

nondtiensional

NACATN 2590

rectangular coordinates, referred to 2b

abscissa of axis of rotation of wing section; referred
to 2b

abscissa of aileron hhgej referred to 2b

location of center of gravity of wing-aileron system
measured from elastic axis (see reference 5)

-= displacement (pitch) about axis of rotation

effective angle of attack due to vertical translation (&/V)

angular displacement of aileron; measured relative to a

phase angle between lift due to h and bending
velocity 6

-se angle between lift due to a and position a

phase angle between mometi due to h and bending
velocity L

phase angle between moment due to a and position

density parameter

abscissa of point

()‘pb2; reference ~uses ~ = + * “
m

of disturbance; referred to 2b

density in main

time variable

stresm
. .

a

.

tties required for transmittal of.disturbsace to field
point

disturbance velocity potential

angular frequency of oscillation
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%
natural bending frequency of wing

% natural torsional frequency

ANALYSIS

Of wing ‘

5

The theory presented herein for two-dimensional flow at sonic speed
is based on the assumptions that the two wing surfaces act independently
and that wake effects are absent. Thus the sonic case as treated is more
akin to the supersonic than the subsonic case. The velocity potential
for the oscillating two-dimensional wing moving at sonic speed is derived
by allowing the Mach number M to approach urdty in the velocity poten-
tial for the wing moving at supersonic speed. An alternative derivation
is also given in which the potential is obtained directly from the lin-
earized differential equation by a method of solution employing the
Laplace transformation. In r&ference 3 Rot-tobtained the velocity poten-
tial by superposition of the elementary source solution of the linearized
differential equation.

Velocity potential for sonic speed.- Consider first the velocity
potential for a harmonically oscillating two-tiensional wing moving at
supersonic speed, given in nsference 5 as

u ~“-”
x

#(2bx,t) = - —
2
w(2b~,t)e‘ti dT d{

&- (
T

‘lOT1 )(
‘T1 T2-T

where

Tl=ak41
a(M + 1)

T2.43=4
a(M - 1)

(1)

a is the speed of sound in the undisturbed medium, x sad ~ are
nondimensional coordinates referred to the wing chord E%, w(2bE,t) is
the prescribed local nonml velocity at the wing surface, and m is the
frequency of oscillation. The integral in equation (1) represents the
total effect of all the disturbances created by the wing. The the-lag
functions T1 and T2 are

at the point x because of

associated with the two pulses that occur

a disturbance created at the point 5 (see

.
.. .. . .. - —-—-. —. .
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reference 5 f,ormore ‘completediscussion). Another form for equation (l),
also given in reference 5, is -:

#

I
I

IxI.)where k’ = ~ .
I
I

I

As the Mach nmiber M approaches unity the argument of tlieBessel {

function JO in equation (2) becomes infinite, and the following
asymptotic approximation is applicable:

4

where on the right-hand side k’ has been replaced by k since k = ~

w k’ = Mm k. At M = 1 ‘thetime-lag function T2 contained
M-l

in equation (1) becomes infinite &nd the influence of one of the two
pulses ctiracteristic of supersonic flow becomes vanishingly small.
lBy considering the
wing at sonic speed

By letting M
in the process, the

,—-.
sonic case as a limit from the *sonic side, the .
cannot overtake the second pulse.)

approach unity in equatioq (2) and using equation (3)
sonic velocity potential.is found to be

J@(2b%t) = “-a “w(2b&t)G(x - g)d~
o

where

(4)

Equation (4) cw also be obta~d directly from the linearized
differential equation for two-dimensiond. compressible flow, which may
be written as

.—_— — —- —
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For the harmonically oscillating wing moving at sonic s~eed, equation (5)
becomes

where the disturbsmce velocity potential # is related to $ by

b
@(x’,Z’,t) =W(x’, z’)eti

(6)

andx’=2bxmdz’=2bz. The mean position of the wing (given by
z’ = O and x’ > O) and the rectangular coordinate system being used
are moving at velocity V = a in the negative x’-direction, as shown
in figure 1. Sipce this paper is concerned only with the lift of a thin
wing, the boundary conditions that equation (6) must satis~ are

()av
~ = W(x’)

Z’=to
(x’ ~o) (7)

ly. (j (x’ < 0) (9)

In accordance with small-disturbancelinearized theory the boundary
conditions are expressed for the mean position of the wing rather than
the wing itself. Equation (7) implies that the normal-velocity.distribu-
tion on the wing is given; equation (8) is a condition on the behavior
at infinity (the manner of approaching zero is associated with,the radia-
tion condition of Sommerfeld); equation (9) is the condition that no
disturbancesbe propagated forward of the wing. Since the velocity
potential must be continuous, equation (9) implies that

if(+o, z’) =*(-O, Z’) = o

Equations (6) to (9) constitute.the boundary-value problem for the
velocity potential @. ,!

.—. .. . ___ ..—. —— ..-. — —..—- .. . . . ——... ..— .——-— .-—. --- .—...—.------ .



8 NACATN 2590” I

J.

J@ a matter of possible interest an alternative derivation of
equation (4.)that makes use of the &place transformation (as was done
by Stewartson in reference 6 for supersonic flow) is presented. Applying

.

the Laplace transform

to equations (6) to (9) yields

( )(&J= 2$?
. .

(io)

(u)

~+cl as z’j&J (u?)

lWom equations (10) to (12) the value for ~ is

21 w(s)e-pz’
%=- z,T7 IJ

(13)

From equation (13) the value for ~ at the upper surface of the w&g
(z’ = +0) is

Applying the inverse transform to equation (14) yields

J
x’

Iy(x’,+o)= - w(E’)G(x’ - ~’)d~’

or

f-x’

@(x’j@,t) = -em / w(g.’)G(xf - ~’)d~’
JO

—.

(14)

( 15)

— —
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where

.

9

-ZEx
fJ(~l)=1 e“’;.x’

E.’ = 2b’5

Equations (15) and (4) are identical, each giving the velocity potential
at the upper surface of the wing.

Application to wing-aileron cotiination.- For the particular case of
the wing-aileron coribinationoscillating harmonically in vertical transla-

) tion h, pitch a, and aileron rotation p (see fig. l(b)), the normal
veloci~ at a point x of the wing chord may be expressed as

w(2bx,t) = - [ 1i+va+2b(x -x&+v13+2b (x- XJI (16)

.

.

where

h= ~e”

a =aew
o

b ao, ad $0 are complex amplitudes, and the .B terms are to be

interpn+ted as zero for x <
%“

Since linearized theory is being

employed, the potential given in equation (4) may be considered as the
sum of five potentials, each of which is associated with one of the
tezmm on the right-hand side of equation (16). Hence the potential may
be written as ●

(17)

.,
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J

equation (16) into equation (4)

.

2bvcGr G(x -@E
o

J
x

2bv13 G(x - ~)d~

‘1

Forces and moments.- The velocity potential for the upper wing 1
suxface given in equation (4) is mtisymmetric with respect to the
plane z = o, as msy be noted h the boundary condition, equation (7) .
The local pressure difference, positive downwar

.
d, between the upper and

lower surfaces of the wing at any point x is obtained from equation (4)
by means of

.

where p is the density of ‘theundisturbed medium. The force (positive ‘
downward) acting on a wing section is therefore I

J

L

1 I

P=2b Ap dx (i8) /
I

The moments (positive leading edge up) act- on the entire wing section
about the atis of rotation at ~ and on the ~eron section about the
hinge point xl are, respectivel.y, -

,’

,,
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I-1

1

t

I

I

1

t

.

.

J1
~=4b2 (X - @AP dx

o

J
1 ,

‘B =41F (x - X1)4 dx
xl

(19)

(20)

Upon substituting equation (17) into equations (18), (19), and (20) and
performing the indicated integrations, the results may be written as

The coefficierrtsof equation.(l?l)can be expressed as follows with
primed quantities introduced for convenience in numerical tabulation to
denote terms independent of the wing-axis-of-rotationposition ~
(referred to ~ = O):

L~+~=~’+(~’

.L3+fi~=~’ +iLk’
- %’(%’ + %2’) ‘. “

,,
L5+m6=L5’+iL6’

a

M1+~=~’+~’-
%(%’ + %’)

M3+fJf4=~’+iM4’ -~[~f +~j +(L3f +iL4~ +

(
4x# ~’ + ~’

)
\

(1 - %)(%’+ &’)~+~’N5’+~6’+2x

N1 + iN2 =l?1’+iN2’+M1’+ ~’- 2xl(~’ + i@

N3 + ~4 = I?3’ + iN4r - %@+ ~2)

N5 -1-iN6 = ~5’ + i%f

. .. .. .. . . . ._______ ______ _c _--— —-~,--—-— —-- --------—- .—— .-......— —.- .. ----
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The primed quantities, as a result of integration by parts, can be
expressed as

L1’ + iL2’ =

L3’ + iL4’ =

.,
L5’ + fi6’ =

%’ +9’=

5
‘+ m’=4

N1’ + ~2’ =

N3’ + iNk’ =

N5’ + iN6’ =

.

1

%$(-2-$i)f(ro) +~&-tio~ -$)

l-i ( --–)fpo) +&@e-ti&~+$8+2i i—- —
2r0 3 r. &o’

(2:

●

.

—. .— ...—.— -- --——
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where

.

‘o
=k

r. = (1 - x.)k
l\ +

‘2 = xlk

and the quantities f(r4’) are the Fresnel

The prtied

integrals

f(r,) = ~S * dx (j = o, 1, 2).

quantities L,‘ and ~ ‘ (i = 1, 2, 3, and 4), associated
with wing bending torsion, W= tabulate~ in table I as functions of the
reduced frequency k for the range O < k S 3.5. The primed quantities

Li’~ Mi’ (i = 5 and 6), and Ni’ (i = I, 2, 3, 4, 5, and 6), Wroduced
by the aileron degree of freedom, are tabulated in or can be obtained
from table II for the same values of k and for values of the aileron
hinge position xl ranging from 0.1 to 0.9 in increments of 0.1. In
order to make the tabulated values nmre uniform, each of the primed
wtities listed tithe tables has been multiplied by the reduced
frequency squared k2, which appears in the force
equzrt.ions(21).

DISCUSSION

Lift forces and moments.- The lift forces and
ficients of which are given in table I, apply to a

d moment equations, -

moments, the coef-
thin, oscillating,

two-dtiensional wing moving at sonic speed. A comparison of these ‘-
resuits with the forces and moments previously obtained for the same
type of W* moving at mibsonic and supersonic speeds (references 5> 7J ej

and other papers) may be of interest.

For purposes of comparison, consider the case of a wing pitching
about its
cientf, Cz1
expressed

I
~,

lead~ edge and translating vertically. The lift coeffi-
and the moment coefficient about the leading edge cm can be

as

.——..— . ... ..— ...-. — -.— ._ —.- --- --. —— —--- --—-- - ----—- –- - ----.------
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P
‘1 = [(

-—=4-ik L1’+~’

‘1

)% + k2(L3’ + jL4’)a
pb~

(24)

MC’=— =
cm [

-2 -ik(M1‘ +
2pb2V2 ‘1~’)~+~(~’+~4f)a

)

the quantities ~’ and ~‘
For the nonoscillating wing in
cz=2mx and ~=-~a. I!Yomequation (24) the lift- afi moment-curve

attack due to vertical translation and

are now depended on M as well as k.
incompressible flow (k = O, M = O)

slopes (complex derivatives) associated with vertical translation and
pitching are, respectively,

dcz
—=

( )
4k2 L3’ + iL4’

da

dcm
—=

( )
2Jc2M3’ + iM4’ ‘

da

1
(25)

In figure 2 the magnitudes of the slopes gi& by equation (25) are
plotted against k for several values of M, and in figure 3 the -
associated phase angles are plotted. In figures ‘2and 3 the dashed
curves represent the supersonic results, the solid-line curves represent
the subsonic results, and the solid-line curves with several of the
computed points circled represeti the sonic results.

In figure 2 the variation of slope with Mach number for the steady
case (along ordinate k = 0) is given by the Prandtl-Glauert rule for
stisonic speeds and the Ackeret rule for supersonic speeds. Each of
these rules predicts an infinite slope at M = 1. h the figure, the
values for the slope magnitude become excessive only for Mach numbers
approaching unity and values of k approaching zero. “ In this neighbor-
hood the L1.nearizedtheory does not apply, and the l&ch nmiber and

.

‘1,

I

—- -.. ---
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k range in which the theory is applicable awaits experimental or
, theoretical determination. In figure 3 the phase-angle curves for M = 1

depart from those for the other Mach nuuibersin the low k range. At
k = o, the phase angle for M = 1 differs from the constant phase angle
of all the other Mach numbers by 45°.

Figure 4 contains a cross @ot against Mach number of figure 2(a) .
for several values of k. Note that the ma~ lift-curve slope occurs
at M = 1 only for small values of k. Above ,a k of around 0.2, as
may also be noted in figure 2(a), the ~ lift-curve slope for a
particular value of k occurs at a Mch .,nuuiberless than 1.

Some applications to bending-torsion flutter.- In reference 5 a
systematic numerical study of the bending-torsion flutter of a two-
dimensional wing was made including, among other considerations,the
effect of Mach nunher on this type of flutter. The results were pre-
sented in the form of figures. Table I of the present paper is used to
obtain points at M = 1 for~figures 18 and lg.of reference >. T&se
figures of reference 5 with the M = 1 poixrts’added are presented as
figures 5 and 6.

In figure 5 the flutter-sped coefficient V/~ is plotted against
Mach number M for several values of the density parameter l/K, for “
wings with the center of grati~ at 60 percent chord and the elastic axis
at x percent chord. The points for Mach nuuiberlj indicated by circles,
are consistent with the results of reference 5. As a matter of possible ‘
interest some values of the reduced frequency are.indicated at M = O
and M=l.

III figure 6 a ~lot of the flutter-speed coefficient v~ against
the ratio of wing bendimg frequency towing torsional frequency ~~
is shown for several Mach numbers. The curve for M = 1, calculated
points of which are circled, is shown-in relation to the curves pre-
viously given in reference 5.

CONCLUDING REMARKS

The linearized theory for compressible unsteady flow has been used
to obtain the forces and moments for a thin, harmonically oscillating,
two-dtiensional wing-aileron co@bi-nation moving at sonic speed. These
forces and moments and the flutter results obtained fro~ them were found
to be consitient with similar calwlations previously obtained for other
Mach numbers. In assessing or applying the results for a Mach nuniber

..
,

\.-. ---- . .. . ..— ----- .- . . .. .....--—-—- --——- ------ -- —--— ----.-—— .-,————----.’ “—
-----



16 NACA TN 2593

of 1, the limitations associated with linearized theory should be kept
in mind.

#
.

Langley Aeronautical Laboratory
National Advisory Committee for Aeronautics

Langley l?ield, Va., Septeniber 4, 1951

.
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Figure 1.- Sketch illustrating coordinate system and the degrees of
freedom a, h, and f3.
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(c) hbment-curve slope associated with vertical translation.
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I?lgure 2.- Continued.’
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(a) Phase angle

Figure 3.- Phase
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between ldft vector due to ve~tical translation and

vertical velocity vector h.
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Figure 3.- Continued.
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